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1. H��C\��5S [!�fXeAK�, 	�on�XLq��y��5��UXLqo%�5��_��e�_uXLqI	�5 [28, 48, 49], q��kn��Lq�?s. ��^NWq\�F�57��&D.>P
Φ(x) =

∫

Rd

U(x − y)ρ(y)dy =
1

(2π)d

∫

Rd

Û(k)ρ̂(k)eik·xdk, x ∈ Rd, (1.1)WL d 7m�
E, ℄E U(x) b$��.nj�, bs�!�}�YvL; -℄E ρ(x)7QpT(℄E, f̂(k) =
∫
Rd f(x)e−ik·xdx $/℄E f(x) q1�i {. �!q-S�5�
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U(x) =





− 1

2π
ln |x|, d = 2,

1

4π

1

|x| , d = 3.
(1.2)

b+q1�i {.uj`� Û(k) = |k|−2. .;�+, ℄EqYL((�!1�im�;$, 7?nr&YL�j o�e, qH�W1�i�)	���t. 2O7\��5q{k;q,: YvL. �&7\�x71�i�), �Yv}q?0m$�0��,u�S�	�kI^OqH[$ [16], xVOdO)e!Yv}qS�2?Æ97H.�5�Vq{�;q,7: 'P0L, ��5!k}qBmy�-℄Eq}PD!. �\�D. (1.1) ^/, �5! x SqB Φ(x) 7k;�t!}m��q�)j��℄E��l-℄E ρ(x) e\�℄E U(x) q^�'�B (�}PD!). ^�q'P0L7D�5q�VH�Od"�8#}q7;�,  H7}0v, �'B��8#}SqD!. �+=n, ?0���)olqEB:., W�V0�Z7, �����=z�l7
\��mL,xVQhOd��pTV�.{�;q,w`�-℄Eqe<7vL. !7?�mL, -℄EqAI;F
!k;��;m�"7qa)B�<�W`"7, g\��5���7<7uLqH�, �0L\�q<7vLe�.�-℄E [28]. �g!~Q “[iZ”e “J'Z” qv��V\�7{�;q,.Q 1.1. )��, 'P0LKS [!�fXeAK�, ���e [11]�.�s [45] ^XWq'P0�me'2� [18, 25] !S��9�)'^��qd8�I85s. Odi&L5q7,��^NWq'P0�57�\�>P, W℄E'�j�5�VOd"�-℄Eq^�D! (�}PD!).��-℄EW�pTH�LK, �+>'%}m�2���9v(�� Ω, Vvf7�5qt7v.  �-7QpT(℄E, �+U%!RHv�z�1�iS"�,h!`���:}�)+�-℄EqSH�D, +�IHCJ�V',EB7hq℄l
10−16–10−15 �q.��; [38]. ��.�)RC1�iS"�, /np�05e [38].\��5�Vq8#7:Æ97Hqu'Fh?k7�V=",({�S�W�e<7vL-℄EqnH.1�iS"�7�DQpT(℄Eqe�U%, \��5�Vqe�U7!uq`��:�7=℄lSH. 2E8a, Rd��~S�"., )&7���)"Ke�)"KqV�. !<�EB"�>a, �+'EC&0qOd3): �5℄E!�q�SqJ��\�℄E.Q, �

Φ(x) ∼ ‖ρ‖L1 U(x), |x| → ∞, (1.3)WL ‖ρ‖L1 7-℄Eq�1Rjs�nr'�. �!q�
o%�5!�q�7q�4.TH�l�, � Φ(x) ∼ C‖ρ‖L1 |x|−1, |x| → ∞.��%Rd<����)"KqpTV�. !V>a, �+'�d<�k&���)"KV�q_MC). h℄E`_77~�)"Kq:�℄E', hqe!Y�)"K�=,sZ%�h9q�9r", 	��A�9r" [34], ��;)��,��0S"�t7. k
wL,V~"�qRdq,!�7Hq�9r".rol, ��!qw�j|r"�PU�9r"�DH�,, EB7qH%AJ��9r"qH. �q�
o%�5�	, �+h
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-S"Kq�B�mw)+,�s�%�[Ww�j|r",� Φ(x) = 0, ∀ x ∈
∂Ω. �9r"qH�,Y�kI�5t7fB� 1–3 �H [7, 8, 39], 2O7^�q “H�℄” +9 [8]. )��, Ck/P:�5℄E!�q�Sq#DJ� (1.3), �+��+��1R� 0 q-℄EwL, �5!�q�SH�T�℄Edp, xV�h?sZN8-℄E�o�7q;ÆH, /$=	p5! [32]. Odi&L5q7, n�7Hqdt, 5�V~�mq�)"K7�.�.�, .N_M�)�.O). �Odq7, (.7^�q\��5	hqs��H�)"Kq7, xV��%U*�-q�)H., Rd<����)qpTV�.�"�j�), �+UyRHv RL :=

∏d
j=1[−L, L],(%WsY��!H�: Th :={

(x1, x2, · · · , xd)
∣∣ xj ∈ (−Nj/2, · · · , Nj/2 − 1) ∆xj , ∆xj = 2L/Nj

}
, �:}bE� N =∏d

j=1 Nj . �Iq1�i�:� Tk :=
{

(k1, k2, · · · , kd)
∣∣∣ kj ∈ (−Nj/2, · · · , Nj/2 − 1) π/ L

}
.h-℄EW�.e<7vL', �+Uy<7vLRHv RLγ :=

∏d
j=1[−Lγj , Lγj ], WL

γ = (γ1, . . . , γd), 0 < γj ≤ 1 7<7vL7�. !)�z�L, �+s��� γ1 = 1, (�t<7vLe� γf :=
∏d

j=2 γ−1
j .

2. �13~�4%}JL<�ha.��JqÆN���)qpTV�, Rd�t��'`�pT1�i {qV��7MeV��2�V�. Y\��01�i�)H..;dP, Fd�-℄E�7Hq�D, �5℄Eq�Vf.��$�g�=D!, �+7�h?)+7Ht7. Rdq;}
L!YvLqS�, �g��P7HqpTV�7'��q,q�m.

2.1. �I��J�0� EpÆw2}��'`�pT1�i {qV�7{k;7HqpT\�V�, b7�'2��
Greengard e�
T! 2014 BkPqpT�)V� [26]. 4"�Y�&1�i�)H.P�,

Φ(x) =
1

(2π)d

∫

Rd

Û(k) ρ̂(k)eik·xdk, x ∈ Ω. (2.1)�+q�
qo%�5�	w>CYLqS�e71:.qE$. >', �+Wsl, !1�im�L, %vb�l#"h{lsl#" (|k|, φ, θ), �l# {awq℄j�J�._�B℄E, � |k|2 sin(θ), 6_hq;{℄E1�i {qYL, � |k|−2, V'��℄E
ρ̂(k) sin(θ)eik·x 7QpT(℄E, .�W�YvL, WnD.�&:

Φ(x) =
1

(2π)3

∫ ∞

0

d|k|
∫ π

0

dθ

∫ 2π

0

dφ ρ̂(k) sin θ eik·x, (2.2)WL (|k|, θ, φ) )&7�L��n,e"�,. ����℄EW�QpT(LK, �+>'%�)v2��q�}�sB�L� P qsHv, �%�L�"�,e�n,"7qk
�):., 	��L"7Uy7MD., "�,e�n,"7`U%sYqjHD., sZ.
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Φ(xj) ≈ 1

(2π)3

∫ P

0

∫ π

0

∫ 2π

0

ρ̂(k) sin θ eik·xj d|k|dθdφ,

≈
∑

n

Wn ρ̂(kn) ei kn·xj , (2.3)WL, n = (n1, n2, n3) ∈ Z3, xj 7�H.m�LRHvsY��q8#}, Wn ��)|O,

kn = kn1 (sin θn2 cos φn3 , sin θn2 sin φn3 , cos θn2) 7sZ.��q".!Hq'`��)�},�}bE�8#}E N = N1N2N3 .h..;�+, sZ�CD.�V>�8#}q�5OdH� N ;J�e��; "�D# jto^�:}�q�5BOdH� N2 q�V0�, 2O7?0�eV�q�V=". i*�, ?0V�7��9��7
�5�mq. )��, �C���ehq��'`�pT1�i {V�, � NonUniform Fast Fourier Transform (NUFFT) [12, 17] wCJpTt7, �V0�h(uH O(N log N), 2O7��'`�pT1�i {V�q��O1. OdL5q7, VV�q�V0�!#Dst&~Q���pT1�i {, � discrete Fast Fourier

Transform (FFT), g�� NUFFT j��DV�W0� O(N log N) Lq"Emy�m�
E(jh?��._, Y�kI7
\�q�V="(.&)�1.V"�8aoJHCz�l�N�!q\��5, 	��
e�
qo%�5eI	�5 [7]�u
�_6FLq\��5 [8] e2CdJ+��q Davey-Stewartson Lq\��5 [39]. V"�+���.�.S, Bdt\�℄E1�i {qYL�u8&Lh�℄j�J�._�B℄Ex;�.�kN�!q�57�
-S�5,bq\�H.��s-℄E	7�_�tq, x�℄E ln(|x|) !�}SqYL7h{q. g℄Eq1�i { |k|−2 qYLZe, qH�1�i�)H. (2.1) ��k
q-℄E7���t, xV��?0z�VV�. kNhJ"�7, �-CJ5$olN8- ρ̃(x) := ρ(x) − G1(x), +o ρ̃(x) !Hq-S�5h��_�tq1�i�)wlr, �z� NUFFT V�; �/U℄E G1(x) ^=!q�5hq7�VPw. h�, /U℄E��NUy"., 2�Bdtb�-℄EW�.uq�1ek1R. &0�+>PkNUy".
G1(x) = ρ̂(0) G(x) − (̂xρ)(0) · ∇xG(x), G(x) =

1

2πσ2
e− |x|2

2σ2 . (2.4)N8- ρ̃(x) �zq�5�
Φ2(x) = [U ∗ (ρ − G1)] (x) =

1

(2π)2

∫

R2

ρ̂(k) − Ĝ1(k)

|k|2 e i k·x dk, (2.5)V'��℄EqYL7h{q, hq�� NUFFT V��V, Wn=	p5e [8].

2.2. �I�/�w�02}�Ck/k#�V=", �+; ��V���uX�Lo%�5qS�"� [16], +�℄EqQp�Dw�/+� NUFFT V�, (sZy�k;�dqYvN8�)w℄l7H. �+�q�
o%�5�	L5. �+>'y�k;�dql# { x = x̃L, %-
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ρ̃(x̃) = ρ(x) =⇒ supp(ρ̃) ⊂ R1. (2.6)V', �Vve�5t7v	7 R1. �RC"�\!, �+!�4L%.�v)˜-b.!d�RH R1 �, �5℄Ehqs��H�&H.

Φ(x) =

∫

Rd

U(y)ρ(x − y)dy =

∫

x+R1

U(y)ρ(x − y)dy =

∫

R2

U(y)ρ(x − y)dy

=

∫

R2

UGS(y)ρ(x − y)dy +

∫

R2

[U(y) − UGS(y)] ρ(x − y)dy,

:= I1(x) + I2(x), x ∈ R1,WL I1(x) :=
∫

R2
UGS(y)ρ(x − y)dy 78&�), I2(x) 7YvN8�). L7�Gq7Me℄E UGS(x) = UGS(|x|) ��w�D℄E U(x), bqWnH.�&

UGS(y) =

Q∑

q=1

wq e−τq|y|2

, (2.7)WL, wq, τq ∈ C jdt τq q)0'3qÆ97M℄E e−τq|y|2 !�q�SH�. 7Me℄E!.�\Yv}qv� [δ, 2
√

d] =W��&LK
|UGS(r) − U(r)| ≤ ε, δ ≤ r ≤ 2

√
d, (2.8)WL 0 < ε ≪ 1 7�DH, hqyl0D�℄H; <5E δ ≪ 1 qyB<� 10−4 -10−3>�.Q 2.1. 7Me℄Es��w�D.�Qp'pT6iq℄E, fh�w�DW�YL�0�YLq℄E, 	� r−α, V'�Dv�.�\Yv}. ��7M℄Eq7�L�h)Lsi}, 7Me℄E!pTV�L�i�Odz� [16, 24, 29], �WBokkq7 Greengard e'2� [19] q�Im��8)�pTV�, `+O)���5Cq7MeV�%�V="Ck/k#. .N�&)�eWnEB)+, p5e [14,22,47].Q 2.2. 7Me℄E�D�mfhqs�2CHDEe�D�m, j0hq�w�T�t)E1kE [27]�m�\� [52] q�V.!8&�) I1(x) L, d\w�+_6Od!��v R3 = [−3, 3]3 ��-℄ECJ1�iE�D. )��, ��1�iEqh)LePUL, �+BO!��v R2 =

[−2, 2]3 �z�1�iS"� [13], WWn$℄.�&^/
ρ(z) ≈

∑

k

ρ̂k

d∏

j=1

e
i 2π kj

4 (zj+2), z ∈ R2. (2.9)�+%�.b�l I1(x) L, hol
I1(x) =

∑

k

ρ̂k

(
Q∑

q=1

wqGq
k

)
d∏

j=1

e
i 2πkj

4 (xj+2),

:=
∑

k

ρ̂k Gk

d∏

j=1

e
i 2πkj

4 (xj+2),
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k 77M℄E!RHv R2 �q1�i {

Gq
k =

d∏

j=1

∫ 2

−2

e−τqy2

e− i2πkj y

4 dy. (2.10)OdDPq7, �.h� Faddeeva ℄E$/, Wn$4p5e [15, 21]. ��7M℄Eqh)L, �w d 
.� (2.10) hq�)7� d ;k
7�, �V="xV�o�_,k#. !)�EB�V', �V�:s�L�. , Gk f.�! u; ke?�'�Vol.� Gk, 8&�) I1(x) ! Th �qEBh!�/=ol: (i) �V ρ̂(k); (ii) �V ρ̂(k) e Gk qJ�;

(iii) �V ρ̂(k) Gk qA1�i {. Wsl, 8&�)q�VZKLBOd�� FFT (.�� NUFFT.��7Me℄Eq�DLK (2.8), .;95YvN8�) I2(x) q�=�)v%,J! Bδ := {x ∈ Rd
∣∣|x| < δ} �, Wn�x�&

I2(x) =

(∫

Bδ

+

∫

R2\Bδ

)
[U(y) − UGS(y)] ρ(x − y)dy, (2.11)

:= I2,1(x) + I2,2(x), x ∈ R1. (2.12)YD. (2.8) h= |I2,2| ≤ C ε ‖ρ‖∞. �DH ε O)<, ^q I2,2 G<qH�hqm$.�. ��V I2,1(x), �+Od! x + Bδ ��D-℄E. x��L δ G<, �+U%��d{D.� ρ(x − y) ! x SCJ�1�4.), �%V�4.}bl�) I2,1(x) L. !JZk"��uj, h% I2,1(x) q�VsV�-q℄EBq�WvRvMq-Ldh, �
C1ρ + C2∆ρ, WLdh"E C1, C2 Bmy��L δ �7Me�D (2.8); � ∆ρ hqsZ1�i"�!Sm�7=�Vol, ��q$4p5e�- [13]. uOdDPq7, YvN8�)q�VfBOd�� FFT..u��� NUFFT qV�, 7MeV�q)+BOd+� FFT, sZy�7Me�DeYvN8�)g4y�� NUFFT, %7
\�q�V="_,k#. !S�<7vL-℄EqnH', dt7Me℄Eq�Dv�h�} δ yo�<k?,� δ ≤ minj {γj}d

j=1, �V�aw7ME8 Q �?Q'�; ge!l7Me�Dq��eS��}hq&!��VLCJ, V�qHe=")��((��g[$.

2.3. 
�{�}�a^C, �+7Od!�9v Ω ��V�5℄E, 4v��\-℄EqDQAI;F, xVb�\�-qÆl}0D!. sZP:\�D. (1.1), �+.;�+, �)ZKB��℄E!�,v�qD!. {[wL, ℄E!��SqB(.|3�5q�V,xV.$%℄ECJ2�, 	�%W�2�l�9v. &0�+�q�
o%�5�	L5. \��5hqs��H�&".
Φ(x) =

∫

Rd

U(x − y)ρ(y)dy, x ∈ Ω, (2.13)

≈
∫

Ω

U(x − y)ρ(y)dy =

∫

Rd

UG(x − y)ρ(y)dy. (2.14)
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s BG :=
{

x ∈ R3
∣∣ |x| < G

} �q2�, �
UG(x) =

1

4π|x| χBG
(x), x ∈ R3, (2.15)WL, χBG

(x) 7�
s BG �q/L℄E, s�Ly��Vvq?L
G = max

x,y∈Ω
|x − y| = 2

√
dL.� Paley-Wiener �� [37] h=, 2�℄Eq1�i {7Qp℄E.�Yv, � ÛG ∈

C∞(Rd). �d�Vh=, �
o%2�℄Eq1�i {�
ÛG(k) =

1 − cos(|k|G)

|k|2 , k ∈ R3. (2.16)V', �5hs��H2��-q\�, �
Φ(x) = [UG ∗ ρ] (x) =

1

(2π)3

∫

R3

ÛG(k) ρ̂(k)eik·xdk, x ∈ Ω. (2.17)Y���℄E.�Yv, gx�2��y��~qm�6i, 	�D. (2.16) L
)℄E
cos(|k|G) �Z℄5E G q _�pT6i, Od4�.<q/B2?)+7H. �+!EB)bL�+, ?0!�I�: Tk �CJjHD.���kI^OqH�$, Od�<�I�:/B2?)+7H, 2s��&_��m�q�Vv, e�dq7$7q�a}".'_�Vv. �+%&_�EG��a}x_(�j S, bqWnEB (s�y�7E) ?0|3℄V�qHe=".N�e��a}x_qh&e#!� [23]. eD, F. Vicos! 2016 B [42] DP, 4�2�"��V�
o%�5', �a}x_y� S = 4hÆ9SH, ��!EB�VL�+���a}f?Æ9 10−16-10−15qH.)��,hq95e��a}x_� Sopt =

√
d+1 [30],�h S <� Sopt '�kIH�$, �y_'�(u�V=". !)�V�z�L, �+$u7�y7, �

Sopt = ⌈
√

d + 1⌉. (2.18)WnwL, ���
e�
\�, e�7E�a}x_� Sopt = 3; Æe!�7Ea}�E, �
qe��a}x_hy� Sopt = 2.5. N��a}x_qWnzkZKV�.�), /nh5� [30].OdDPq7, D. (2.17) 7!`��:��jHD.��q, }0�VZK	hq+� FFT �T, .zq�V0�� O(N log N), ="hq℄lDQe�. 2�"�'��d, 	r�K)+jhqzSH�k
q\�. F. Vico s� [42] >P��!\�q2�"�, �t-S�o%�I�es�5. Bokkq7, Wigner-Coulomb "KL2C'P0�_j�qFx\� [46] fhq�2�"�S�, �5℄EqSH?!.hK�az H�/'��7 (	�'87) qP+, )/�7H\�V�qV_!z��B.h-℄EW�.eq<7vL', �+�i`�yUy<7vLRHv Ω = RLγ (CJsY��, (z�1�i"�CJ�D. V'hqe!�aCq2�"�w�V Ω =

RLγ �q�5, g_M�+, �j.2�℄ELq6ie<7vLawqq,, dt j "7qe��a}x_ Sj y�
Sj = 1 + γ−1

j

√
1 + γ2

2 + · · · + γ2
d , j = 1, · · · , d, (2.19)
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j=1 Sj �DQ-Lymy�<7vLe γf

[30], 2s�℄V�q=[:%�kI�V="u&. )��, 2018 B� Greengard skPq<7vL2�"� [21] L,�a}x_yH S = 2�hÆ9�5qSH, (jVx_?<7vLe�N. .�J�2�"�, !�V�<7uL-=!q�
\�', =[;(uHJ�V�q 8
27 ≈ 30%;�Xe!<7vL-nH, =[;%(H�wq 8

27
1

γf
. sZP:&.,

Φ(x) =

∫

Rd

U(y)ρ(x − y) dy =

∫

x+RLγ

U(y)ρ(x − y) dy,

=

∫

R2Lγ

U(y)ρ(x − y) dy, x ∈ RLγ . (2.20).;�+, Fd?Gol-℄E! R3Lγ �q1�iE�DOhqÆ9�5qH, x���sq8#} x ∈ RLγ e�4} y ∈ R2Lγ wL, x − y ∈ R3Lγ 	H�. (d\w, _6Od%-℄E�a}l��_<qv R3Lγ , )��, ��7
1�iEqh)LePUa}LK, �+�}hq!��v�+�1�iS"�, �
ρ(z) ≈

∑

k

ρ̂k eik·z, z ∈ R2Lγ , (2.21)WL k = π
2L ( k1

γ1
, . . . , kd

γd
), ρ̂k 7-℄Eq1�i {

ρ̂k =
1

|R2Lγ |

∫

R2Lγ

ρ(z)e−ik·zdz, (2.22)WL |R2Lγ | = (4L)d
∏d

j=1 γj 7n�. 1�i { (2.22) hq+�jHD.��(�� FFT�T..u�J�2�"��℄Eq<7uLsHv2�, VS�a}".O)gO�-℄Eq<7vLÆg5E, ^q2�h?ilFOd���a}, ja}�E�<7vLe�N.%��v�q1�iE (2.21) b�l\�D. (2.20) L, �+�ol�&D.
Φ(x) =

∫

R2Lγ

U(y)ρ(x − y)dy ≈
∑

k

ρ̂keik·x
(∫

R2Lγ

U(y)e−ik·ydy

)
,

:=
∑

k

ÛR(k) ρ̂k eik·x,

(2.23)

WL, ÛR(k) 7℄E!�9v�q1�i {, Wn�t�&:

ÛR(k) :=

∫

R2Lγ

U(y)e−ik·ydy. (2.24).u�J�2�V�, �C1�i {s�nr&��ol7�7. Y�Q}�V (2.24)!�&�7�h?q, g!)�z�L(.&)hJ, �x!�Æ=�;Es�'�V_, qH��+Æl��!�Qq�,'�=�H�V, xVD. (2.24) q7=7H�V7�V�e_qq,. )��, �+hqsZ7Me"�)+7HpT�V, Wn�&
ÛR(k) =

∫

R2Lγ

[U(y) − UGS(y)]e−ik·ydy +

∫

R2Lγ

UGS(y)e−ik·ydy, (2.25)��$4p�05e�- [21].



4 V /~: ℄��6rqUX� 393ke�+ol� ÛR(k), �5q�VFO�/�h�H, � (i) �V-℄Eq1�i { ρ̂(k); (ii) �V ÛR(k) � ρ̂(k) qJ�; (iii) �V ÛR(k)ρ̂(k) qA1�i {ol�5 Φ.

3. �(��!a�2Cq<N\�pTV�L, -℄E	7�t!`��: Th �, \�℄Ef7!uq�:�CJt7. )��, �+h%�5dH7��-q-L}�. e#! 2016B, F. Vicos!�- [42] LDP, z�2�"�CJ��, �5�Vhs�ydH7��-e7; d 
.�q��\�, V\�qpT�VhsZ��B7�q FFT)+ [21, 30, 42],�V0�� O(2dN log(2dN))j?<7vLe�N.��2�V�q O(SdN log(SdN))

(S 7 d 
m�Lqe��a}x_), �V="��_,k#.eA_M�+, ��sq)B℄EwL, �X!`��:��, \��5`h�H��-e)B.� T q��\� [33], WL�t�,�sY��olq\��5℄E [51]. .uV��q;&
Ln+!.��, bq!H".eZK?0^��V�qHe=".�+q�
�5T	L5.�q!He�V, VS�+e!�2�"��V<7uL-℄E^=!q�
\��5. -℄Eq1�i {�jHD.wDQ, Wn�&:

ρ̂(kpq) ≈ 1

(SN)2

∑

(n′,m′)∈ IN

ρn′,m′ e− i2π
SN

(pn′+qm′), (p, q) ∈ ISN , (3.1)WL ρn′,m′ = ρ(xn′ , ym′ ), �a}x_!m�<;"7	7.uq, VSqD#
�t�&
IN :=

{
(n1, · · · , nd)

∣∣− Nj/2 ≤ nj ≤ Nj/2 − 1, j = 1, . . . , d
}

. (3.2)%. (3.1) b�l\�D. (2.23) L, !+{teKSj, �+ol
Φn,m :=

∑

(n′,m′)∈IN

Tn−n′,m−m′ ρn′,m′ , (n, m) ∈ IN , (3.3)WL Tn,m 7�&�tq�
.�
Tn,m =

1

(SN)2

∑

(p,q)∈ISN

ÛG

( πp

SL
,

πq

SL

)
e

i2π
SN

(pn+qm), (n, m) ∈ I2N , (3.4)hqsZ�7� {ÛG(k)} CJ1�iA {ol. 5�<7vL-℄EqnH, \��5fh�H��\�, �zq.�h��&D.!H
Tn,m =

1

S1S2N2

S1N/2−1∑

p=−S1N/2

S2N/2−1∑

q=−S2N/2

ÛG

(
πp

S1Lγ1
,

πq

S2Lγ2

)
ei 2π

N
( pn

S1
+ qm

S2
). (3.5).;�+, .�qD#B.DZ-℄ED#Bq��. !)��VL, �+Od*.[Rk;B� SdN qB7�(�WCJ1�iA {. !�:>�qnr&, .�.� u, xV�+hqU%%W�!=[���l�"L, q"�jTq�0��. k
nr&, \�7)B�G℄E, W�zq��.�f7)B�G.�, � Tn,m = T−n,m, Tn,−m =

Tn,m. ��V�GL, �+hq%.�q[ROtCk/(uH�wq 1/4.a0<�q NUFFT "��7Me"�e<7vL2�"�	hq%�5℄E�H��\�; !��.�oJ!Hqak&, ^�V�q�V="	7.uq. ;&!�.�!H
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4. :s�<��<�qpTV���	hq)+SH�D, �-�+%q2�"��	,<�1�iS"��V�5℄Eq�;H�. _M�+, �5℄EqEB7�;Rdw��-℄Eq1�iS"��D. �-FEC���.�95, Wn$4p5e�- [30]. �lr�;,�+y��&�E
‖Φ − ΦN ‖∞,RL

:= ‖Φ − ΦN ‖L∞(RL) = sup
x∈RL

|(Φ − ΦN )(x)|,

‖Φ − ΦN ‖2,RL
:= ‖Φ − ΦN ‖L2(RL) =

(∫

RL

|(Φ − ΦN )(x)|2dx

)1/2

,WL ΦN (x) 7��5℄E Φ(x) q1�i"��D, N 7m�<;"7��}qE8. OdL5q7, VSq N (.7m���}qbE8, �7);m�"7q��};E. �t�&��E
|ρ|m,RL

:=


 ∑

|α|=m

‖∂αρ‖2
2,RL




1/2

,

WL�OD# α = (α1, . . . , αd) ∈ Zd, |α| =
d∑

i=1

αi, ∂α = ∂α1
x1

· · · ∂αd
xd

. &�L�+� A . B w$/ A ≤ cB, WL�E c > 0 j.my� N .z�2�"��V\��5℄E, �+��&��lr�;H�.y� 4.1. �W�AI;FqQp-℄E ρ(x), ��WAI;F�\!�Vv=, �
supp{ρ} ( RL, &�+holN��5℄Eq�;H�

‖∂αΦ − (∂αΦ)N ‖∞,RL
. N−(m− d

2 −|α|) |ρ|m,RL
,

‖∂αΦ − (∂αΦ)N ‖2,RL
. N−(m−|α|)|ρ|m,RL

,WL m > d
2 , (∂αΦ)N = [U ∗ (∂αρN )] 7��5℄EkE ∂αΦ qEB�D. h α = 0 ', �+��&H�

‖Φ − ΦN ‖∞,RL
. N−(m− d

2 )|ρ|m,RL
, ‖Φ − ΦN ‖2,RL

. N−m|ρ|m,RL
.Q 4.1. h-7QpT(℄E', �+��b!EB�W�AI;F, ��hqz��C��; 8&LD# mhqyl�s��q7E, ^qEB7W�SH. h-℄EW�AI;FgB7�,18&L', �5EB7BW�bE1H.�95�� 4.1, �+Od�l7
m�L1�iS"�q�;H�, Wn=	p!�&y�.G� 4.1. PU℄E u(x) ∈ Hm

p (Ω), WL m > d/2, z�1�iS"�olq uN (x), �
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‖∂α(u − uN )‖∞,Ω . N−(m− d

2 −|α|)|u|m,Ω, 0 ≤ |α| ≤ m,

‖∂α(u − uN )‖2,Ω . N−(m−|α|)|u|m,Ω, 0 ≤ |α| ≤ m,VS Hm
p (Ω) 7W� m 18&LqPU℄Em�.

5. -N�	�-%q2�"��	, )&YH�="e<7vL-nHCJh&,VS^)/qEB5X	7! Matlab (2016a) L)+q, 6j"w7 Ubuntu GNU/Linux, CPU Fb7
3.00GH Intel(R)Xeon(R)Gold 6248R. �+w�q7e_B�Est&q.��;, �

E :=
‖Φ − Φh‖l∞

‖Φ‖l∞

=
maxx∈Th

|Φ(x) − Φh(x)|
maxx∈Th

|Φ(x)| , (5.1)WL Φh 7�t!`��: Th �qEB7, Φ(x) 7\�7. &0�+q�
o%�5�	)/�V5X.! 5.1. �
o%�5Lq℄E7 U(x) = 1
4π|x| . �<7vLq-℄E ρ0(x) =

e−(x2+y2+z2/γ2
3 )/σ2

, σ > 0, γ3 ≤ 1, �+hqol�
o%�5q7�$℄.� [13]

Φ0(x) =





σ3
√

π

4|x| Erf
( |x|

σ

)
, γ3 = 1,

γ3σ2

4

∫ ∞

0

e
− x2+y2

σ2(t+1) e
− z2

σ2(t+γ2
3

)

(t + 1)
√

t + γ2
3

dt, γ3 , 1,

(5.2)

WL Erf (x) = 2√
π

∫ x

0
e−t2

dt 7�;℄E [2]. �+e:&0�NnH
• %A I: <7vLq-℄E ρ(x) = ρ0(x), o%�5� Φ(x) = Φ0(x).

• %A II: Nnq-℄E ρ(x) = ρ0(x) + ρ0(x − x0), �5� Φ(x) = Φ0(x) + Φ0(x − x0).$ 1 q�$L)/��VnH I L<7uL-℄Eq5X, V' γ3 = 1, σ =
√

1.2,

L = 8. &$L)/q7<7vL-℄EqnH, WLnH I Lq5E� L = 12, σ = 2, h =
1
2 γ, nH II q5E� L = 16, σ = 2, x0 = (2, 2, 0), h = 1

4 γ, VV	L�Q%e��a}x_yH 1/2 q7E�. YL�+hqol�&5&: (i) ���a}.qÆ9�VH, P��a}7

q, ����a}7e�q. (ii) e��a}�EZ℄<7vLe'_�-L'B.�e:V�=", �+!$ 2 L)/�2�V�!a/.a.��T'q=[:e�V`', 5�q7nH I Lq<7uL-℄E, WnqEB5E7 L = 8, σ =
√

1.2 em�/B h = 1/16. �V'�)H�0): ��V'�, �!H.� T �02�1�i {
ÛG(k) q'�, eV��J'�, �jT�� FFT/iFFT ���7�}Jq'�. �+u'f!x 1 L)/���VeV��Jq'�Z℄<7vLeq u.Y$ 2 hqdP, ��J�2�"�LqP��a}, e��a}x_ S q+�__(u�2�"�q=[Ote�V:, 2Os�℄, �+hqe!!;�����<�C



396 � X G Z 2023 DJ._U6q�5t7. u'fWsl, ke!��VL!H���.�, V��J0)q`'�<7vLe�N, �V`'Rd
L!��B7�q FFT/iFFT,�V="Dl℄l�e�. h�, .�!HZK�&�g	Od._q=[e�V:, 2f72�"�qP,L;�!7Me"�e<7vL2�"�L, .�q!HZKfhqil�<7vLe�N, =[Ote�V:.��.��.

q 1 '7�"8,.O�x;t: ��5B$z ()q) ��FB$z (=q)

h 2 1 1/2 1/4

S = 2 4.2908E-01 1.0283E-01 1.0276E-01 1.0276E-01

S = 3 4.2117E-01 2.9848E-03 1.8552E-08 3.7007E-16

S = 4 4.2046E-01 2.9596E-03 2.0106E-08 3.7007E-16

γ3 1 1/2 1/4 1/8

Case I 3.3307E-16 5.4171E-15 4.8932E-15 3.8102E-15

Case II 5.1902E-16 5.6243E-15 5.3014E-15 4.1688E-15

S (3, 3, 3) (2.5, 2.5, 4) (2.5, 2.5, 7) (2.5, 2.5, 12.5)

q 2 ��|��K&���5B$zu*x'7�"8,+x.Oq>/� S
��X X�AK>\ (Gb) (� (3) >\ (Gb) (� (3),� 3 4.4 59.80 2.3 19.31

4 9.0 158.58 2.3 19.32�� 3 3.4 12.53 7.0 61.18

4 8.0 32.96 16.3 167.00
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y 1 d3�#��Xa(�=8wMfÆ γf rO#



4 V /~: ℄��6rqUX� 397BoDPq7, x 1 Lq “.� - ��V” x-! γf = 2 '℄le<BQl.eh�, ge!l�+!EBV	L�Q%�a}x_yH 1/2 q7E�, �V`'! γf = 2 ℄leufO.YM�. )��, bq�a}x_! γf = 2 7 25 �! γf = 1 yB� 27.

6. �#�M6\��5q�VOdj.YvL�'P0e<7vL-qs;. �+U%�1�iS"�w�DQpT(q-℄E, Uy<7vLqRHv(sY���`��:. ��}J�8aR�q�)t7℄, �t��'`�pT1�i {qV����7MeV�e2�V�, ()&YH�="eS�<7vL-q"0)&CJ�/$h&.V~V�W���\�5E, ��V5Ehq!��Bq7��+�1�i {, !ÆMHqu'�V="℄le�, j�<7vLe�N. �WBokkq7, 2�V��d, 	r�K)+, �Kh�e��a}x_e��\�5Eq+�, V"�%W�	_qz��, 	�!�VI	*� - �xMgEUfq�f7����L"K Bogoliubov-de

Gennes �mL��l'P0V_qS� [40] s. e!l��.�!Hq=[Ote�V:�m, 2�"��'e�U%, V'7Me"��<7vL2�"�	�._q�5. �g�����d�r�K)+q7HpTV�7�+k?[\q8#.
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FAST EVALUATION OF CONVOLUTION-TYPE NONLOCAL

POTENTIAL

Zhang Yong

(Center for Applied Mathematics, Tianjin University, Tianjin 300072, China)

Abstract

Convolution-type nonlocal potentials are quite common and important in many science

and engineering fields. Efficient and accurate evaluations of such potentials often bottleneck

the real time simulations. The convolution kernel is usually singular or discontinuous at

the origin and/or at the far field. The density is a smooth fast-decaying function, and is

naturally well approximated by Fourier spectral method on a bounded rectangular domain,

which is uniformly discretized in each spatial direction, with a nearly optimal complexity of

O(N log N) that is inherited from the discrete Fast Fourier Transform. In some cases, there

exists a strong spatial anisotropy in the density. Nonlocality, singularity and anisotropy

are three challenges in convolution evaluation. The numerical problem is to compute the

convolutions accurately and efficiently on such uniform mesh grid.

In this article, we mainly review the state-of-art fast integral algorithms, including the

NonUniform-FFT based method (NUFFT), Gaussian-Sum based method and Kernel Trun-

cation method. All these methods achieve spectral accuracy with a FFT-like complexity

O(N log N), and can be rewritten as a discrete convolution structure. The discrete convo-

lution structure helps deal with strong anisotropy perfectly using a pair of FFT and inverse

FFT(iFFT) on a twofold zero-padded density. Rigorous error estimates and extensive nu-

merical results are shown to confirm the accuracy, efficiency and anisotropy performance.

Keywords: Convolution-type nonlocal potential; Singular integral; Smooth and fast-

decaying density; Discrete convolution structure; Fourier spectral method.
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